Recent values of the proton charge radius derived from the Lamb shift in electronic hydrogen tend to be larger than those from electron scattering. Therefore low-momentum-transfer scattering data from different groups and laboratories have been reanalyzed with Coulomb and recoil corrections included. This was done by calculating at each scattering angle and scattering energy the corresponding correction obtained from a partial wave program which includes recoil approximately. Corrections due to magnetic scattering were also made before the rms-radius was determined by a fit which allows free normalization for each experiment. It is shown that an analysis of electron scattering data including Coulomb corrections lowers the χ 2 of the fit and increases the proton radius by about (0.008 − 0.013) fm depending on the fit strategy. A value of r p = 0.880 (15) fm is obtained which is in good agreement with the one extracted from Lamb shift measurements. *
1.
Traditionally elastic electron scattering data from the proton have been analyzed in the first Born (one-photon-exchange) approximation since Zα ≃ 1/137 was supposed to be small enough. In this way a root-mean-square charge radius of < r 2 > 1/2 e−scatt = 0.862 (12) fm (1) has been deduced from elastic electron-proton scattering experiments at Mainz [1] 20 years ago. This value superseded the nearly canonical value of 0.805(11) fm from Stanford [2] which was based on an (invalid) Q 2 → 0 extrapolation of the dipole form factor fitted to data at higher momentum transfer 1 .
In the last few years atomic Lamb shift measurements in hydrogen have become increasingly more accurate and are now very sensitive to the proton size [5] . Assuming the validity of bound state QED calculations a value for the proton charge radius can be deduced from them; the most recent theoretical evaluation [6] leads to
Lamb shift = 0.883 (14) fm (2) which is slighthly higher than the value (1) . A possible reason of this discrepancy may be the distortion of the scattering waves in the electrostatic field of the proton. Indeed, Coulomb corrections in elastic electron scattering have been shown recently to increase the rms charge radius of the Z = 1, N = 1 hydrogen isotope, the deuteron by 0.012−0.015 fm [7] , [8] . Therefore it is of some interest to investigate whether Coulomb corrections also affect the determination of the proton radius. Eventually a muonic hydrogen experiment which has started at PSI [9] will yield this fundamental hadronic quantity with a tenfold higher accuracy than given in (1) or in (2) . Even then it will be useful to see whether the value from electron scattering is consistent with the precise value.
2. In the one-photon-exchange approximation the elastic electron-proton scattering cross section in the lab frame is given by
). E i , E f , Θ are the initial, final electron energy and the scattering angle, respectively. The recoil factor is given by f recoil = 1 + 2E i sin 2 (Θ/2)/M p −1 and G E/M (Q 2 ) denote the electric and magnetic (Sachs) form factors. The former has the low Q 2 expansion
from which the root-mean-square charge radius r p ≡ r 2 1/2 of the proton can be determined. At low momentum transfer the magnetic form factor is only a small correction and and a common approximation is to assume G M (Q 2 ) = µ p G E (Q 2 ) where µ p = 2.793 is the magnetic moment of the proton. Therefore the full cross section may be written as
1 Although the deviation of the data at low momentum transfer from the standard dipole parametrization is clearly visible and unambigous (see e.g. Fig. 4 in ref. [3] ) the Stanford value is still cited as an alternative in the (atomic and high energy physics) literature. However, the precise absolute e-p cross sections measured by the Walther group at Mainz have been confirmed subsequently in other measurements and laboratories (most lately at Saclay, see Fig. 2 in ref. [4] ) so that there is no convincing reason for doing so.
where
Here it is assumed that the Coulomb corrections affect the magnetic part in the same way as the electric part; in any case eq. (5) is correct if both corrections are small. To evaluate the Coulomb correction ∆ c one may either calculate the second Born approximation or use a standard partial wave program which solves the Dirac equation in the electrostatic potential V c of the proton. Here I adopt the second approach which is numerically easier since it does not require principal value integrations. The drawback is that magnetic scattering is not included and that it is difficult to implement recoil corrections properly which naturally are more important for electron scattering from the proton than from heavier targets. Following ref. [10] I transform to the center-of-mass system but neglect dynamical recoil corrections, i.e. the additional interaction potential ∆V which is of order V 2 c /M p . This is a standard procedure since the work of Foldy et al. [11] and has been shown to produce Coulomb corrections at low momentum transfer which are very close to the one from evaluating the real part of the second-order Born amplitude [8] . Of course, the Coulomb corrections require knowledge of V c (r), i.e. of the whole charge distribution and not just of its second moment. From eq. (5) one can read off
if the leading term is taken as square of an elastic form factor which itself is the Fourier transform of a charge distribution. Since (in the Breit frame) the Sachs form factors can indeed be interpreted as arising from appropriate distributions, Eq. (7) just describes the folding of this distribution with the one from the Darwin-Foldy term. For G E (q 2 ) I have used the parametrization given in eq. (9) and Table 3 of ref. [1] which describes the form factor data over a wide range of Q 2 and which corresponds to a sum of Yukawa charge distributions. The folding was performed by a Fourier-Bessel expansion of the distribution with a cut-off radius of 5 fm and up to 300 terms. The Coulomb correction for each scattering angle and energy is then given by
where σ charge, Born is the cross section in Born approximation due to the charge distribution ρ c (r). For small scattering angles the Coulomb corrections are all positive leading to an increase of the rms radius [8] .
3. I have (re)analyzed the old e-p cross section data below Q 2 < 1 fm −2 from Mainz and Saskatoon.
More recent experiments are either at higher Q 2 [12] or measure form factor ratios by polarization transfer [13] . The Mainz data include published cross sections from the Walther group [1, 14, 15, 3] as well as unpublished data contained in the PhD thesis by W. Reuter [16] . The Saskatoon experiment [17] detected the struck proton but the data can be easily converted to electron angles. In the following these experimental data sets will be denoted as S1, S2, B1, B2, R and M, respectively. For ease of comparison and further reference the cross sections, their quoted errors, and the corrections ∆ mag , ∆ c are collected in Table 1 as well as the resulting values of the electric form factor with errors. Note that in the latest two experiments by Simon et al. (abbreviated S1, S2) the systematic errors were added linearly to the random errors whereas the other experiments do not specify how their systematic errors are treated. In view of that their total cross section errors may be underestimated. The correction due to magnetic scattering has been obtained with the parametrizations for G M/E as given in ref. [1] ; its relative error was estimated to be 3 · 10 −3 by comparing with the ansatz G M = G E . From Table 1 one sees that the Coulomb corrections are small but positive, ranging from 0.4 -0.9% which is roughly the size of the statistical or systematic errors in the experiments of Simon et al. By comparing with the result of a phase shift calculation, which uses an exponential distribution with the same rms-radius, an error of at most 2 · 10 −4 can be ascribed to the Coulomb corrections listed in Table 1 . Qualitatively one therefore expects that the analysis leads to an upward shift of the proton radius of roughly the order of the error which was quoted in previous analyses. This is indeed born out by a fit of the electric form factor at low momentum transfers to the expression
It has been recognized very early that the normalization errors δ norm in absolute cross section measurements require a free normalization factor a 0 in eq. (9) . Wong [18] has further emphasized that the normalization errors have to be part of the χ 2 -function
where i runs over the n experimental points and j over the different experiments. The factor 1/2 in the denominator of the last term in eq. (10) enters because the form factor and not the cross section is fitted. According to Wong's analysis of the Mainz data, "the result would have been r Wong p = 0.877 (24) fm (11) with a 0 = 1.0028(22) ". Since only low Q 2 -data are analyzed the coefficient a 2 is not determined well by the fit. A value a 2 /a 0 = 0.011 ± 0.004 fm 4 has been determined in ref. [19] . However, since the S1-parametrization of G E is a very good representation of the available e-p data 2 I rather adopt its value of a 2 = 0.0141 fm 4 and use in most of the fits
Note that the error assumed above corresponds to a 7% error in the moment < r 4 > 1/4 which probably is a generous estimate. This error (muliplied by Q 4 ) is now added linearly to the errors of G E listed in Table 1 .
4.
The results of fitting eq. (9) to the data collected in Table 1 are given in Table 2 , both without (case A) and with (case B) Coulomb corrections. Several fits have been made differing in additional constraints for the size of the corrections. One constraint already used in Table 1 is a low momentum tranfer so that the recoil corrections do not become too large; another one is the dominance of charge scattering for which the Coulomb corrections are most reliable. In nearly all cases the magnetic contributions were therefore restricted to be less than 10%. Fit 3 gives the results when this is relaxed 2 Platchkov et al. [4] have found that their absolute proton cross sections measured in the momentum transfer region between 1 and 16 fm −2 "agree within 1% with the four-pole proton form factor parametrization of Simon et al." to ∆ mag < 15%. The result of fit 1 A is very close to the original Mainz proton radius (1) although it uses an unrealistic small value of a 2 . In fit 4 only the data of the Walther group are analyzed; without Coulomb corrections this indeed gives a value of the proton radius which is in agreement with Wong's one in eq. (11). However, for unknown reasons I do not observe that "uncertainties in the normalization factor ... have significantly increased the error in the deduced radius" 3 . Fit 5 omits the more indirect Sakatoon data (abbreviated by M) which give the largest individual contribution to the χ 2 . Finally in fit 6 the errors in data sets R, B1, B2, M were artificially enlarged by a factor of 2 to take into account systematic errors which are not included in the original data. In all cases one observes that the inclusion of Coulomb corrections improves the χ 2 of the fit and increases the deduced proton radius by ∆r p = (0.008 − 0.013) fm (13) depending on the different fit strategies adopted. For the fits with ∆ mag < 0.1 the range is narrower: ∆r p = (0.010 − 0.013) fm. Fits 5 B and 6 B may be considered the most realistic ones and give
e−scatt with Coulomb = (0.880 ± 0.015) fm .
Here I have slightly enlarged the errors obtained in both fits 4 . Eq. (14) is now in good agreement with the value (2) deduced from the recent Lamb shift measurements.
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3 The errors given in Table 2 are the "naive" errors obtained from the MINUIT fit program. 4 Historically there seems to be a tendency to underestimate the (systematic) errors in the proton radius determined from electron scattering and the above value may also be insufficient in this respect. However, a thorough treatment of systematic errors is beyond the scope of the present investigation which focuses on the change of the extracted radius due to Coulomb corrections. Exp. Exp. Exp. a only S1, S2, B1, B2 data sets; b only S1, S2, R, B1, B2 data sets; c errors in data sets R, B1, B2, M enlarged by a factor of 2
